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where p r and c ជ stand for the photon momentum and velocity, respectively, and ␤, ␥ ជ , and ␦ ជ are Lagrange multipliers. The motivation for requiring an additional constraint of vanishing photon number flux was that the authors of Ref.
͓2͔ noted that the distribution previously proposed by Domínguez and Jou, namely ͓1͔,
can also be obtained by performing a Lorentz boost to a frame in which the distribution is that of equilibrium ͓which corresponds to ␥ ជ ϭ0 in Eq. ͑2͔͒. Neither of the proposals ͑1͒ and ͑2͒, as they stand, can give a complete description of the radiation emitted by a nonequilibrium system, for in Refs. ͓1,2͔ the Lagrange multipliers ␤, ␥ ជ , and ␦ ជ were not written in terms of directly measurable quantities. Here we will derive this dependence, and propose how it might be verified experimentally.
It has been recently argued by Nettleton ͓7͔ that statistical-mechanical models of radiation, as applied, e.g., by the authors of Refs. ͓1,2͔ in their proposals of the distributions ͑2͒ and ͑1͒, cannot be embodied into a thermodynamically consistent theory because of the nonlocality of the radiation field. We share his view, since the nonlocality of radiation transfer in vacuum may be seen as a consequence of the fact that photons do not interact with each other. This makes, in particular, the evolution of an isolated system towards equilibrium impossible. Therefore, as pointed out by Landau and Lifshitz ͓8͔, in a nonequilibrium theory, it is necessary to consider a system composed of matter in addition to radiation ͓9,10͔. Moreover, if a photon has momentum p ជ r , we cannot localize it in space. Let us, therefore, consider a macroscopically small system, centered at point R ជ , within which the matter has an approximately uniform temperature. The neighboring regions feed a radiant flux into the system. If the density of matter is high enough, photons will be emitted and absorbed in a highly localized region. Under such circumstances, and assuming for the moment that the matter part of the system is a classical ideal gas, the entropy density of the system can be written as ͓8,11͔
where the subindexes m and r stand for matter and radiation, p ជ and f ϭ f (R ជ ,p ជ ) are the corresponding momenta and singleparticle distributions ͓11͔, respectively, k is the Boltzmann constant, and h is the Planck constant. The entropy ͑3͒ has been recently used in the study of nonequilibrium radiation ͓10,12-14͔. However, Eq. ͑3͒ corresponds to a very special system. In contrast, the Planck distribution describes the equilibrium radiation emitted by any blackbody, independently of its composition and state. Thus any theory based on Eq. ͑3͒ is much less general, simply because interactions among particles cause ͑in nondilute systems͒ the matter entropy not to depend only on the single-particle distribution function: in general, one must work with the phase-space distribution m ͓15͔. We are, therefore, lead to generalize Eq. ͑3͒ by ͑see also, Refs. ͓16,17͔͒
where the first integration is over phase space ͓18͔, V is the volume of the system considered above, and the problem posed is to determine the radiation distribution under the following constraints:
Here ũ is the energy density, F ជ is the radiative energy flux, and H m (⌫ m ) is the microscopic operator corresponding to the matter Hamiltonian, e.g., for a single fluid with a pairwise potential energy
with m the molecular mass, r ជ mi and p ជ mi the position and momentum of the matter particle i, and N the number of particles ͓16,19,20͔. A l (⌫ m ) are any additional operators corresponding, e.g., to the matter number density, to the conductive flux, etc. The constraint ͑8͒ corresponds to the requirement of vanishing photon number flux, in agreement with the point raised in Ref. ͓2͔ . Maximization of the entropy density ͑4͒ under the constraints ͑5͒-͑8͒ yields
and Eq. ͑1͒ for f r . The set ͕ l ͖ are Lagrange multipliers.
The simplest case for the matter part is that of a classical monatomic ideal gas at rest and with negligible heat conduction, for which Eq. ͑9͒ becomes m ϭZ exp ͓Ϫ␤͚ iϭ1 N p mi 2 /2m͔, where Z normalizes m to unity: this case corresponds to the single-particle Maxwellian distribution, namely, f m ϭC exp͓Ϫ␤p m 2 /2m͔, where C is such that ͐d 3 p m f m ϭn, with n the molecular number density. We stress that, without need to consider such a specific matter content of the system, the radiation distribution is given by Eq. ͑1͒. However, we would like to remark that Eq. ͑1͒ will not hold unless the matter is sufficiently dense: if the matter were extremely dilute, photons reaching any small region of the system would have been emitted by matter at a different, completely independent temperature. When maximizing the total entropy of such a system, volume integrals would appear in the exponents in Eq. ͑9͒ ͓19,21,22͔, so that the distribution modulus of radiation would be different from that of matter ͑i.e., ␤ r ␤ m ). Such a case would certainly complicate any thermodynamically consistent approach, as well as the derivation of any specific prediction. This is in agreement with the remarks by Essex ͓23͔ and Nettleton ͓7͔ on the thermodynamical implications of the nonlocality of radiative transfer in vacuum.
In order to obtain testable predictions, it is necessary to relate the Lagrange multipliers ␤, ␥ ជ , and ␦ ជ to measurable quantities. The identification of the Lagrange multiplier ␤ is based on the thermodynamical definition of temperature T, which identifies T Ϫ1 with the partial derivative of the entropy with respect to the energy of the system ͓4͔. It is precisely this definition that allowed Boltzmann to derive the Stefan radiation law from thermodynamics and classical electrodynamics ͓24͔. The derivation is done in the usual way ͓12͔ and yields
Let us, for the sake of mathematical simplicity, restrict our attention to near-equilibrium states. We assume that near-equilibrium states correspond to small values of the radiation multipliers ␥ ជ and ␦ ជ , an ansatz to be checked a posteriori. By performing a MacLaurin expansion of the distribution ͑1͒ up to first order in ␥ ជ and ␦ ជ , we obtain
͑11͒
Use of this equation into the constraint ͑8͒ yields
where (z) is the Riemann zeta function, and the integrals have been performed by making use of the formulas 3.423,2 and 9.542,1 in Ref.
͓25͔. Making use of Eqs. ͑10͒ and ͑12͒ into Eq. ͑11͒, we may write the near-equilibrium radiation distribution as
͑13͒
Use of Eq. ͑13͒ into Eq. ͑7͒ and integration yields
where aϭ8 5 k 4 /15c 3 h 3 is the blackbody constant. In order to relate ␥ ជ to the temperature gradient, we first calculate the pressure tensor of radiation, i.e., ͓26͔, 
where use has been made of formula 3.411.1 in Ref. ͓25͔ .
We now assume, in order to obtain relatively simple expres-sions, that the system is in a steady state. As it is well known ͓27,9͔, from the gray radiative transfer equation, it follows that c(‫ץ‬ Pxi/‫ץ‬xϩ‫ץ‬P yi /‫ץ‬yϩ‫ץ‬Pzi/‫ץ‬z)ϭϪF i , with the absorption coefficient and iϭx,y,z. Therefore, use of Eqs. ͑15͒ and ͑14͒ allows us to relate ␥ ជ to measurable quantities,
The intensity ͑per unit solid angle͒ of radiation is related to the photon distribution function through I ϭ(2h 3 /c 2 ) f r ͓28͔. Thus, making use of Eqs. ͑13͒ and ͑16͒ and expressing the intensity per unit wavelength (ϭc/ϭch/p r c),
where ⍀ ϭc ជ /c is a unit vector.
We will now make a proposal in order to test this result experimentally. We also find it interesting to compare it with the one that follows from the maximization of the entropy density ͑4͒ under the constraints ͑5͒-͑7͒, without including the constraint ͑8͒. This yields the distribution ͑2͒ ͑which was considered in Ref. ͓1͔͒ instead of Eq. ͑1͒. By repeating the same calculations as above, one finally finds
which is the intensity corresponding to near-equilibrium diffusion theory. In contrast with the intensity ͑17͒ ͑which has been derived here for the first time͒, Eq. ͑18͒ has been previously derived, both phenomenologically ͓29,26͔ and from information theory ͓12͔.
In order to illustrate the predictions of the result ͑17͒, and to compare it with the previously derived intensity ͑18͒, we consider a system with a nonuniform temperature distribution. Such a system is depicted in Fig. 1 . In the special case of a uniform temperature, the radiation would be Planckian, in agreement with either Eq. ͑17͒ or Eq. ͑18͒ for the special case of equilibrium (ٌ ជ Tϭ0 ជ ),
.
͑19͒
We will consider this equilibrium result for comparison purposes only. The problem is then to determine ͑i͒ whether the predictions of Eq. ͑17͒ differ enough from the equilibrium result ͑19͒ so that such differences may be measured experimentally, and ͑ii͒ whether Eq. ͑17͒ changes the predictions of Eq. ͑18͒ in such a way that the experiment proposed in Fig. 1 allows us to determine which one of them, if any, corresponds to the physical reality. In order to answer both questions, we consider the radiation leaving the system in Fig. 1 in the direction of the temperature gradient ͓i.e., direction B in Fig. 1 , which corresponds to (⍀ •ٌ ជ T)ϭٌ͉ ជ T͉] and the opposite direction ͓i.e., direction A in Fig. 1 , which corresponds to (⍀ •ٌ ជ T)ϭϪٌ͉ ជ T͉]. In Fig. 2 we plot the spectra for the case T A ϭ2000 K, T B ϭ2001 K, a uniform temperature gradient of ٌ͉ ជ T͉ϭ5 K/m, and ϭ0.1 m Ϫ1 ͓12͔, as predicted by Eq. ͑17͒ and also by Eq. ͑18͒. The dashed FIG. 2. Comparison between the spectra predicted by the distribution function derived in the present paper ͑dotted curves͒ and by near-equilibrium diffusion ͑full curves͒, for the experiment proposed in Fig. 1 . In this figure, the dashed line is a Planckian spectrum ͑either at temperature T A or T B ).
FIG. 1. Experiment proposed in order to determine the distribution function of nonequilibrium radiation. The system considered has a nonuniform temperature distribution. In Figs. 2 and 3 we present the predictions for the spectra of thermal radiation emitted in the directions A and B ͑such spectra can be measured by means of spectrophotometers located, e.g., at points of observation AЈ and BЈ). line in Fig. 2 corresponds to the equilibrium, or Planckian, approximation ͑19͒. From Fig. 2 , it is seen that the corrections of near-equilibrium diffusion theory ͓Eq. ͑18͔͒ are as large as 13%. On the other hand, the vanishing-photon-flux model derived in the present paper ͓Eq. ͑17͔͒ yields an additional correction of about 6%. The difference between both models is thus important enough so that such an experiment should make it possible to determine which one, if any, of both intensities corresponds to nonequilibrium radiation.
Because Fig. 2 depicts a very specific case, in Fig. 3 we present the correction with respect to the equilibrium approximation in terms of the temperature gradient. In thermal equilibrium (ٌ͉ ជ T͉ϭ0), the intensity is Planckian ͓see Eq. ͑19͔͒ and there is no correction. The higher the temperature gradient, the larger the corrections are.
Let us finally mention that, in spite of what is claimed in Ref. ͓2͔ , it is not clear that one can conclude that Eq. ͑2͒ corresponds to equilibrium simply because this distribution acquires a Planckian form in a specific frame. According to Eq. ͑18͒, such radiation is emitted by matter with ٌ ជ T 0, i.e., it corresponds to a nonequilibrium system. Moreover, if observers in Fig. 1 are in motion ͑relative to the emitting system͒, they can certainly determine whether this motion is consistent or not with a Planckian emission in the rest frame of the emitting system. Such points clearly show that theoretical attempts to solve the problem of nonequilibrium radiation via information theory ͑e.g., Refs. ͓1, 2, 12͔, and the present paper͒ would really benefit from an experimental approach to this fundamental question.
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